Summary. Drawing a finite graph is usually done by a finite sequence of the following three operations.
General Preliminaries
Let us consider an even integer n and an odd integer m. Now we state the propositions:
(1) If n m, then n + 1 m. The theorem is a consequence of (3).
Let us consider a finite sequence p and a natural number n. Now we state the propositions: (5) If n ∈ dom p and n + 1 len p, then mid(p, n, n + 1) = p(n), p(n + 1) .
(6) If n ∈ dom p and n + 2 len p, then mid(p, n, n + 2) = p(n), p(n + 1), p(n + 2) . The theorem is a consequence of (5). (ii) 1 n − 1 + len g len f and n n − 1 + len g.
The theorem is a consequence of (4).
Let D be a non empty set, f , g be finite sequences of elements of D, and n be a natural number. We say that g is an odd substring of f not starting before n if and only if (Def. 1) if len g > 0, then there exists an odd natural number i such that n i len f and mid(f, i, i − 1 + len g) = g. We say that g is an even substring of f not starting before n if and only if (Def. 2) if len g > 0, then there exists an even natural number i such that n i len f and mid(f, i, i − 1 + len g) = g. Let us consider a non empty set D, finite sequences f , g of elements of D, and a natural number n. Now we state the propositions: (8) If g is an odd substring of f not starting before n, then g is a substring of f .
(9) If g is an even substring of f not starting before n, then g is a substring of f .
(10) Let us consider a non empty set D, finite sequences f , g of elements of D, and natural numbers n, m. Suppose m n. Then (i) if g is an odd substring of f not starting before m, then g is an odd substring of f not starting before n, and
(ii) if g is an even substring of f not starting before m, then g is an even substring of f not starting before n.
(11) Let us consider a non empty set D, and a finite sequence f of elements of D. If 1 len f , then f is an odd substring of f not starting before 0. (12) Let us consider a non empty set D, finite sequences f , g of elements of D, and an even element n of N. Suppose g is an odd substring of f not starting before n. Then g is an odd substring of f not starting before n+1. (13) Let us consider a non empty set D, finite sequences f , g of elements of D, and an odd element n of N. Suppose g is an even substring of f not starting before n. Then g is an even substring of f not starting before n + 1. (14) Let us consider a non empty set D, and finite sequences f , g of elements of D. Suppose g is an odd substring of f not starting before 0. Then g is an odd substring of f not starting before 1. The theorem is a consequence of (12).
Graph Preliminaries
Let G be a non-directed-multi graph. Observe that every subgraph of G is non-directed-multi.
(15) Every graph is a subgraph of G induced by the vertices of G. (16) Let us consider graphs G 1 , G 3 , sets V , E, and a subgraph G 2 of G 1 induced by V and E. If G 2 ≈ G 3 , then G 3 is a subgraph of G 1 induced by V and E. (17) Let us consider a graph G, a set X, and objects e, y. Suppose e joins a vertex from X and a vertex from {y} in G. Then there exists an object x such that (i) x ∈ X, and (ii) e joins x and y in G.
(18) Let us consider a graph G, and a set X. Suppose X ∩ (the vertices of G) = ∅. Then 
Proof: G.edgesInto(X) = ∅. G.edgesOutOf(X) = ∅.
Let us consider a graph G, sets X 1 , X 2 , and an object y. Now we state the propositions:
The theorem is a consequence of (17). Proof: Consider v being a vertex of G such that the vertices of G = {v}. For every object e such that e ∈ dom(the source of G) holds (the source of G)(e) = v. For every object e such that e ∈ dom(the target of G) holds (the target of G)(e) = v. Let G be a graph. Let us note that every walk of G which is closed, trail-like, and non trivial is also circuit-like and every walk of G which is closed, path-like, and non trivial is also cycle-like.
Let us consider graphs (i) it len W 1 and there exists an even natural number k such that it = k + 1 and for every natural number n such that 1 n len W 2 holds W 1 (k + n) = W 2 (n) and for every even natural number l such that for every natural number n such that 1 n len W 2 holds
The functor W 1 .findLastVertex(W 2 ) yielding an odd element of N is defined by (Def. 4) (i) it len W 1 and there exists an even natural number k such that it = k + len W 2 and for every natural number n such that 1 n len W 2 holds W 1 (k + n) = W 2 (n) and for every even natural number l such that for every natural number n such that 1 
Consider i being a natural number such that P[i] and for every natural number
For every even natural number l such that for every natural number n such that 1 n len W 2 holds W 1 (l + n) = W 2 (n) holds k l. i len W 1 and there exists an even natural number k such that i = k + 1 and for every natural number n such that 1 n len W 2 holds W 1 (k + n) = W 2 (n) and for every even natural number l such that for every natural number n such that 1 n len (4) 
)).edges().
Proof: For every even natural numbers n, m such that n, m ∈ dom T 1 and T 1 (n) = e and T 1 (m) = e holds n = m.
(41) Let us consider a graph G, and walks
The theorem is a consequence of (11) 
The theorem is a consequence of (42) and (35).
(45) Let us consider a graph G, walks W 1 , W 2 of G, and an object e. Then
e)).first(), and
(ii) W 1 .last() = (W 1 .replaceWithEdge(W 2 ,
e)).last().
The theorem is a consequence of (43) us consider a graph G, and a vertex 
Observe that every graph which is complete is also connected and there exists a graph which is non non-directed-multi, non non-multi, non loopless, non directed-simple, non simple, non acyclic, and non finite.
From now on G denotes a graph.
Let us consider G. The functor G.endVertices() yielding a subset of the vertices of G is defined by (Def. 8) for every object v, v ∈ it iff there exists a vertex w of G such that v = w and w is endvertex. Now we state the proposition: (56) Let us consider a vertex v of G. Then v ∈ G.endVertices() if and only if v is endvertex.
Supergraphs
Let us consider G. A supergraph of G is a graph defined by (Def. 9) the vertices of G ⊆ the vertices of it and the edges of G ⊆ the edges of it and for every set e such that e ∈ the edges of G holds (the source of G)(e) = (the source of it)(e) and (the target of G)(e) = (the target of it)(e). 
The theorem is a consequence of (63) and (65). (67) Let us consider a set x. Then (i) if x ∈ the vertices of G 2 , then x ∈ the vertices of G 1 , and
(ii) if x ∈ the edges of G 2 , then x ∈ the edges of G 1 .
The theorem is a consequence of (57).
Let us consider G 2 and G 1 . Now we state the propositions: (68) Every vertex of G 2 is a vertex of G 1 . (69) (i) the source of G 2 = (the source of G 1 ) (the edges of G 2 ), and
(ii) the target of G 2 = (the target of G 1 ) (the edges of G 2 ). The theorem is a consequence of (57)
The theorem is a consequence of (57) The theorem is a consequence of (57) and (54). Let G be a non trivial graph. Note that every supergraph of G is non trivial. Let G be a non non-directed-multi graph. Observe that every supergraph of G is non non-directed-multi.
Let G be a non non-multi graph. One can verify that every supergraph of G is non non-multi.
Let G be a non loopless graph. Let us note that every supergraph of G is non loopless.
Let G be a non directed-simple graph. Observe that every supergraph of G is non directed-simple.
Let G be a non simple graph. One can check that every supergraph of G is non simple.
Let G be a non acyclic graph. One can verify that every supergraph of G is non acyclic.
Every supergraph of a non finite graph G is non finite. Suppose G 1 ≈ G 2 . Then G 2 is a supergraph of G extended by the vertices from V . The theorem is a consequence of (58) Proof: Consider v 1 being an object such that v 1 ∈ V \ (the vertices of G 2 ). α = 1, where α is the vertices of G 1 . v 1 is isolated.
Let G be a non-directed-multi graph and V be a set. Note that every supergraph of G extended by the vertices from V is non-directed-multi.
Let G be a non-multi graph. One can verify that every supergraph of G extended by the vertices from V is non-multi.
Let G be a loopless graph. Observe that every supergraph of G extended by the vertices from V is loopless.
Let G be a directed-simple graph. Let us note that every supergraph of G extended by the vertices from V is directed-simple.
Let G be a simple graph. Let us note that every supergraph of G extended by the vertices from V is simple. The theorem is a consequence of (57). Let G be an acyclic graph and V be a set. Let us note that every supergraph of G extended by the vertices from V is acyclic.
(92) Let us consider a supergraph G 1 of G 2 extended by the vertices from V .
Then G 2 is chordal if and only if G 1 is chordal.
Let G be a chordal graph and V be a set. Let us observe that every supergraph of G extended by the vertices from V is chordal.
From now on v denotes an object.
Let us consider G and v. A supergraph of G extended by v is a supergraph of G extended by the vertices from {v}.
Let us consider G 2 , v, and a supergraph G 1 of G 2 extended by v. Now we state the propositions: Let us consider G. One can verify that every supergraph of G extended by the vertices of G is non trivial, non connected, and non complete and there exists a graph which is non trivial, non connected, and non complete.
Let G be a non connected graph and V be a set. Note that every supergraph of G extended by the vertices from V is non connected. Now we state the propositions:
(95) Let us consider a supergraph G 1 of G 2 extended by the vertices from V . Then
where α is the vertices of G 2 . (96) Let us consider a finite graph G 2 , a finite set V , and a supergraph G 1 of G 2 extended by the vertices from V . Then (96) . Let G be a finite graph and V be a finite set. Note that every supergraph of G extended by the vertices from V is finite.
Let v be an object. Note that every supergraph of G extended by v is finite. Let G be a graph and V be a non finite set. Note that every supergraph of G extended by the vertices from V is non finite.
Let us consider G. The theorem is a consequence of (106) and (105).
(108) Let us consider vertices v 1 , v 2 of G 2 , a set e, and a supergraph G 1 of G 2 extended by e between vertices v 1 and v 2 . Suppose e / ∈ the edges of G 2 . Then G 2 is a subgraph of G 1 with edge e removed. The theorem is a consequence of (57).
(109) Let us consider vertices v 1 , v 2 of G 2 , an object e, a supergraph G 1 of G 2 extended by e between vertices v 1 and v 2 , and a walk W of G 1 . Suppose if e ∈ W .edges(), then e ∈ the edges of G 2 . Then W is a walk of G 2 . The theorem is a consequence of (57).
Let G be a trivial graph and v 1 , e, v 2 be objects. Let us note that every supergraph of G extended by e between vertices v 1 and v 2 is trivial.
Let G be a connected graph. Let us note that every supergraph of G extended by e between vertices v 1 and v 2 is connected.
Let G be a complete graph. Note that every supergraph of G extended by e between vertices v 1 and v 2 is complete. Now we state the propositions:
(110) Let us consider vertices v 1 , v 2 of G 2 , an object e, and a supergraph G 1 of G 2 extended by e between vertices v 1 and v 2 . Suppose e / ∈ the edges of G 2 . Then
(111) Let us consider a finite graph G 2 , vertices v 1 , v 2 of G 2 , an object e, and a supergraph G 1 of G 2 extended by e between vertices v 1 and v 2 . Suppose e / ∈ the edges of G 2 . Then G 1 .size() = G 2 .size() + 1.
Let G be a finite graph and v 1 , e, v 2 be objects. Observe that every supergraph of G extended by e between vertices v 1 and v 2 is finite.
(112) Let us consider vertices v 1 , v 2 of G 2 , an object e, and a supergraph G 1 of G 2 extended by e between vertices v 1 and v 2 . If G 2 is loopless and v 1 = v 2 , then G 1 is loopless. The theorem is a consequence of (105).
(113) Let us consider a vertex v of G 2 , an object e, and a supergraph G 1 of G 2 extended by e between vertices v and v. Suppose G 2 is not loopless or e / ∈ the edges of G 2 . Then G 1 is not loopless. The theorem is a consequence of (105).
Let us consider G. Let v be a vertex of G. Let us note that every supergraph of G extended by the edges of G between vertices v and v is non loopless.
Let us consider G 2 , vertices v 1 , v 2 of G 2 , an object e, and a supergraph G 1 of G 2 extended by e between vertices v 1 and v 2 . Now we state the propositions:
(114) If G 2 is non-directed-multi and there exists no object e 3 such that e 3 joins
The theorem is a consequence of (71) and (105).
(115) Suppose e / ∈ the edges of G 2 and there exists an object e 2 such that e 2 joins v 1 to v 2 in G 2 . Then G 1 is not non-directed-multi. The theorem is a consequence of (105) and (70).
(116) If G 2 is non-multi and v 1 and v 2 are not adjacent, then G 1 is non-multi.
The theorem is a consequence of (72) and (105).
(117) If e / ∈ the edges of G 2 and v 1 and v 2 are adjacent, then G 1 is not nonmulti.
Proof: There exist objects e 1 , e 2 , u 1 , u 2 such that e 1 joins u 1 and u 2 in G 1 and e 2 joins u 1 and u 2 in G 1 and e 1 = e 2 .
(118) If G 2 is acyclic and v 2 / ∈ G 2 .reachableFrom(v 1 ), then G 1 is acyclic. The theorem is a consequence of (57), (54), and (105). Let G be a graph and v be a vertex of G. Let us note that every supergraph of G extended by v, the vertices of G and the edges of G between them is non trivial and every supergraph of G extended by the vertices of G, v and the edges of G between them is non trivial.
Let G be a trivial graph. Note that every supergraph of G extended by v, the vertices of G and the edges of G between them is complete and every supergraph of G extended by the vertices of G, v and the edges of G between them is complete.
Let G be a loopless graph and v 1 , e, v 2 be objects. One can verify that every supergraph of G extended by v 1 , v 2 and e between them is loopless.
Let G be a non-directed-multi graph. One can check that every supergraph of G extended by v 1 , v 2 and e between them is non-directed-multi.
Let G be a non-multi graph. One can check that every supergraph of G extended by v 1 , v 2 and e between them is non-multi.
Let G be a directed-simple graph. One can check that every supergraph of G extended by v 1 , v 2 and e between them is directed-simple.
Let G be a simple graph. Let G be a connected graph and v 1 , e, v 2 be objects. Let us observe that every supergraph of G extended by v 1 , v 2 and e between them is connected.
Let G be a non connected graph. One can check that every supergraph of G extended by v 1 , v 2 and e between them is non connected.
Let G be an acyclic graph. Note that every supergraph of G extended by v 1 , v 2 and e between them is acyclic.
Let G be a tree-like graph. One can verify that every supergraph of G extended by v 1 , v 2 and e between them is tree-like. Now we state the propositions:
(148) Let us consider a vertex v 1 of G 2 , objects e, v 2 , and a supergraph G 1 of G 2 extended by v 1 , v 2 and e between them. Suppose e / ∈ the edges of G 2 and v 2 / ∈ the vertices of G 2 and G 2 is not trivial. Then G 1 is not complete.
Proof: There exist vertices u, v of G 1 such that u = v and u and v are not adjacent.
(149) Let us consider objects v 1 , e, a vertex v 2 of G 2 , and a supergraph G 1 of G 2 extended by v 1 , v 2 and e between them. Suppose e / ∈ the edges of G 2 and v 1 / ∈ the vertices of G 2 and G 2 is not trivial. Then G 1 is not complete.
Let G be a non complete graph and v 1 , e, v 2 be objects. Observe that every supergraph of G extended by v 1 , v 2 and e between them is non complete.
Let v be a vertex of G. Observe that every supergraph of G extended by v, the vertices of G and the edges of G between them is non complete and every supergraph of G extended by the vertices of G, v and the edges of G between them is non complete. Let G be a finite graph and v 1 , e, v 2 be objects. One can verify that every supergraph of G extended by v 1 , v 2 and e between them is finite.
